Quantitative Finance and Investments Core Formula Sheet

Spring 2014 /Fall 2014
(some typos fixed for the Fall 2014 version)

Morning and afternoon exam booklets will include a formula package identical to the one attached to this
study note. The exam committee believe that by providing many key formulas, candidates will be able to
focus more of their exam preparation time on the application of the formulas and concepts to demonstrate
their understanding of the syllabus material and less time on the memorization of the formulas.

The formula sheet was developed sequentially by reviewing the syllabus material for each major syllabus
topic. Candidates should be able to follow the flow of the formula package easily. We recommend that
candidates use the formula package concurrently with the syllabus material. Not every formula in the
syllabus is in the formula package. Candidates are responsible for all formulas on the syllabus,
including those not on the formula sheet.

Candidates should carefully observe the sometimes subtle differences in formulas and their application to
slightly different situations. For example, there are several versions of the Black-Scholes-Merton option
pricing formula to differentiate between instruments paying dividends, tied to an index, etc. Candidates will
be expected to recognize the correct formula to apply in a specific situation of an exam question.

Candidates will note that the formula package does not generally provide names or definitions of the formula
or symbols used in the formula. With the wide variety of references and authors of the syllabus, candidates
should recognize that the letter conventions and use of symbols may vary from one part of the syllabus to
another and thus from one formula to another.

We trust that you will find the inclusion of the formula package to be a valuable study aide that will allow
for more of your preparation time to be spent on mastering the learning objectives and learning outcomes.

In sources where some equations are numbered and others are not (nn) denotes that there is no number
assigned to that particular equation.
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Note - Formulas (24), (26), and (28) are incorrect in the text. The correct versions are given here.
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(36) Bgl — wuu + ,(/}ud =+ wdu + wdd
38) @ =—u¥
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(39) 1 = quu + 7.[.ud + 7_‘_du + 7_‘_dd
(46) Fi, = ET [Ltz]
(52) Ct3 = NmaX[Lt2 - K, 0}
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(53)  C,, = EF [ max|[Ly, — K, 0]}
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(55)
(56)
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(62)
(63)  Fi=E{[Lr]
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(3)  B(t,T)=e B&DT= ¢ o
(12)  B(tT)=EF [e* I d}

- IOg E‘t]5 |:€_ ftT T'sdsj|
Tt
(33)  B(t,T) = e Ji Flt:)ds
log B(t, T) — log B(t7 T+ A)
A
log B(t7 T) —log B(t, U)
U-T

(20)  R(t,T)=

(39) F(t,T)= Alino
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Note - Formula (21) is incorrect in the text. The correct version (with subtraction rather than addition) is
given here.

(14)  dB; = u(t,T, By)Bidt + o(t, T, By) B;dV,"

(15)  dBy = r¢Bydt + o(t,T, By) BydW}"
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oT or

(22)  dF(t,T) = a(F(t,T),t)dt + b(F(t,T),t)dW;
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T t
/ b(s,u)du| ds + / b(s, T)dW,
s 0

(26) re = F(0,t) + /Ot b(s,t) [/st b(s,u)du} ds + /Ot b(s,t)dW,

(33)  dF(t,T) = b*(T — t)dt + bdW;
(34)  dB(t,T) =r:B(t, T)dt +b(T — t)B(t,T)dW;

(nn) F@t,T)=F(0,7T) +/0 b(s,T)

1
(35) Tt = 1‘71(07 t) + §b2t2 —|— bWt

(36)  dry = (F(0,t) + b*t)dt + bdW,;
OF(0,1)

6T) R0 =

Paul Wilmott Introduces Quantitative Finance, 2nd Edition, P. Wilmott
Chapter 6

av PV OV

(6.6) o %QSW—F rSos =TV =0

(6.7) aa_v %0’25 gs‘g—i-( )Sg—g—rV—O
(6.8) %—‘; % 252% + (r — rf)sg—g —rV =0
(6.9) % % 252 ‘2252 + (r+ )S?)_S —rV =0
(6.10) %+1 2F2%+—W—0
Chapter 8

—r(T—t) oo , ds’
8.7) V(S,t) = e—/ o—(log(s/s )+(T7%02)(T7t))2/202(Tft)PayOﬁ‘(S/)?

o2 T D) Jo

Call option value
Se=PIT=N(dy) — Ee " T~ N(dy)
log(S/E)+(T7D+%02)(T7t)

dl = oVT—t
d _ log(S/E)+(r—D—30%)(T—t)
2 o T—t
dl — oV T—1t

Put option value
—Se PTN(—d;) + Ee " TV N(—dy)

Binary call option value
€_T(T_t)N(d2)

Binary put option value
e "T=(1 — N(dy))
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Delta of common contracts

Call
Put

Binary call

Binary put

e—D(T—t)N(dl)
e PITI(N(dy) - 1)
e—r(T—t)N/(dQ)
oSyT—t
_ e—r(T—t)N/(dQ)
oSVT—t
N'(z) = —=e 27

2

2

Gamma of common contracts

Call
Put

Binary call

e—D(T—t)N/(dl)
oSVT—t
E—D(T—t)N/(dl)

oSyT—t
e—r(T—t)le/(dQ)

T o2S(T—1)
Binary Put —QJLTQ;)(?I_V;)(@)
Thetas of common contracts
Call oS D0 IN'(@) | DSN(dy)e DT — rEe"T-ON(dy)
Put —gSe L HEd)  DSN(—dy)e DT 4 rEe TN (~dy)
Binary call re " TN (dy) + e "= N'(dy) (ﬁ — %)
Binary put re="T=(1 — N(dy)) — e " T N'(dy) (2(_7(£;]_15) — Jf/%

Speed of common contracts

e—D(T—t) ’
Call — s (dy + ovT — 1)
E—D(T—t) ’
Put —W]\it()dl) (dl"‘O’\/T—t)
Binarv call e TTIN(ds) (g4 o 1—didy
y ca 02S3(T—t) 1+ ovVT—t
e—r(T—t)N/(dz)

Binary put

o253 (T—1)

(o )

Vegas of common contracts
Call ST —te PT=YN'(dy)
Put ST —te PT=N'(dy)
Binary call —e " TN (dy) 4
Binary put e "IN/ (dy) L

Rhos of common contracts

Call E(T —t)e " T=Y N(dy)
Put —BE(T — t)e " TN (—dy)

Binary call
Binary put

_(T _ t)€—7>(T—t)N(d2) =+ lngte—r(T—t)N/(Ch)
—(T —t)e " T=D(1 — N(dp)) — Yi=Le " (T=DN'(dy)

a

Sensitivity to dividend for common contracts

Call
Put

Binary call
Binary put

—(T — t)Se=PT= N (dy)
(T —t)Se=PT=)N(—d,)
\/ITte—r(Tft)N/(dQ)

‘/?%eﬂ"(Tft)N/(dg)




Chapter 9

All formulas are in Section 9.3

LN

_ 2

=+ ZRi
i=1

S — Si—1

R =
Si1

02 =as’+ (1 —a)— ZR2

on=Aop_ 1+(1—,\)R2
02 =ac?+ (1 —a)(N\o2_; + (1 - NR?)
E[Ufw-k] = E[0n+k—1]

o7 4] =0 + (Blon] = %) (1 —v)*

- H\\"

. . 2 2

Parkinson: o, = —4n10g ) E: (log (_Lz))

Garman & Klass: ng = % E <0.511 <1og( )> —0.0191og (g > log ( Og > — 2log <O > log <é >>

ot 2 S g (Y g (29 o () 10
Rogers & Satchell: o7, = - ; log . log 0. + log c, log 0,
Chapter 10

Section 10.4, one time step mark-to-market profit (using Black-Scholes with o = &)

1 . _
= 5(0—2 — 53 S%Tdt + (A" — A")((u — r + D)Sdt + 0SdX)

Section 10.5, mark-to-market profit from today to tomorrow
== (0* —5%) S*I'dt
Chapter 14

N
(14.1) V = Pe¥(T-1) 4 Z Cie~yti—t)

i=1

Chapter 16
(16.4) 88‘; Jrlw a;?Jr( )\w)aa—‘: —rV =0

(165)  dV — Vit = w%—v(dX +Adt)
T
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16.6 NAMED MODELS

16.6.1 Vasicek
dr = (n —~r)dt + B/2dX
The value of a zero coupon bond is given by eA(tT)—rB(tT)

1

B==(1-eT71)
Y
1 ) 1 BB(t;T)Q
A= ?(B(ET) —T+8)(m —56) - 5

16.6.2 Cox, Ingersoll & Ross
dr = (n —r)dt + VardX

The value of a zero coupon bond is given by eA®T)—rBET)

%A = ayn log(a — B) + thoblog((B + b)/b) — ayhs loga

2(e¥1(T=1) — 1)
(7 + 1) (e T8 — 1) + 244

Y=V 20 and gy = —
b= +v+ /12 + 2
T o

B(t;T) =

16.6.3 Ho & Lee

dr = n(t)dt + /%dX

The value of a zero coupon bond is given by eA®T)—rBET)

B=T-t

T
A== [ e = s+ GH(T 1)

2
n(t) =~ log Zus (¢ ) + (¢ — ¥

Section 16.7

S
Forward price = =
orward price 7

0Z 1 ,0%Z 07 B

with Z(r,T) = 1

Section 16.8

Futures price F(S,r,t) = S
p(r,t)
2
op
dp 1 ,0% dp 2(87’) op
ot T2V gz T Awgs mrp et pofin e =0

with p(r,T) =1
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Chapter 17
Section 17.2 Ho & Lee

dr =n(t)dt + cdX
Z(’/‘, t: T) = eA(t%T)fr(Tft)

A(t:T) = log <ZM(t*;T)

Z]W(t*; t)

) = (T = )5 You(Zun31)) — 51— )T~

Section 17.3 The Extended Vasicek Model of Hull & White

dr = (n —r)dt + cdX
dr = (n(t) —yr)dt + cdX
Z(r,t: T) = eABT)—7BET)

Bt;T) = % (1 - e—v(T—t))

Z]w(t*; T)

0 c? * o\ 2 "
2SN By Liog(Zas (t:4)) — = (7Tt _ o=vt=t))" (22—t _ ¢

A(t;T) = log ( 5

Chapter 18
Section 18.3.1 Bond Options - Market Practice

Call option price: e "T=)(FN(d}) — EN(d}))
Put option price: e "I (EN(—~d}) — FN(—d}))
, _log(F/E)+ 30*(T —1t)
b oT —t
dy=d, —oVT —1

Section 18.4.3 Caps and Floors - Market Practice

Caplet price: e G~ (F(t,t;_1,t;)N(d}) — rN(d))
Floorlet price: e D (—F(t,t;_1,t;)N(—d}) + reN(—db))

log(F/re) + 30t
o/ti—1

dIQ = dll — 0 ti—l

di =

Section 18.6.1 Swaptions, Captions and Floortions - Market Practice

1 1 72(T57T)
Price of a payer swaption: Fe*“T*” 1- (1 + §F) (FN(d)) — EN(d))

—2(T,~T)
1 1
Price of a receiver swaption: Fe_’”(T_t) (1 — (1 + §F) ) (EN(—dy) — FN(—d}))

/

_ log(F/E) + 50*(T —t)
N ovVT —t
dy=dy—oVT —t

16



Chapter 19
(19.1)  Z(T) = e~ Ji" Flts)ds
(19.2) dZ(t;T) = pt, T)Z(t; T)dt + o(t, T)Z(t; T)dX

(nn) F#T) = —a% log Z(t; T)

(19.3)  dF(t;T) = 8% (%a2(t,T) - p(t,T)) dt — %a(t, T)dX

T
(19.5) dF(t;T)=v(t,T) </ v(t, s)ds> dt +v(t, T)dX

N

T N
(19.6)  dF(t;T) = (Z vi(t,T) / Vi(t,s)ds> dt + Y vi(t, T)dX;
i=1 t i=1
i—1
(197) dZ; = rZ;dt + Z; Z aijde

Jj=1

i
(198) de = (1 + TFi)dZi+1 + TZi+1dFi + TCTZ'F'Z‘Zi_H (Z ai+1,jpij) dt

Jj=1

! U]‘Fijij
= 1 +7'Fj

(199) dF; = ( ) o Fydt + o, F;dX;

FAQ’s in Option Pricing Theory, P. Carr

T
(38)  fBr=[V(S0,0;0:) — V(So,0;0n)le" + S f'(Sr) — f(Sr) +/ e" T (0? — o)

(39) Nr = f'(St)

T
(40)  P&Ly = NpSt — Br — f(St) = [V(S0,0;0:) — V(So, 05 03)]e™” + / e’ (o} —
0

The Handbook of Fixed Income Securities, 8th ed., F. Fabozzi

Page 202 Yi=

Managing Investment Portfolios, a dynamic process, Maginn, et al
Chapter 5

(5-1) U, = E(R,,) —0.006Rs02,

E' —
op
E - E(lty) —
(5_3) (Rnew) RF > < (RP) RF) COI‘I‘(RneuH Rp)
Onew Op

(5-4)  UAMM = E(SR,,,) — 0.005R402(SR,,)

17
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Quantitative Financial Economics: Stocks, Bonds and Foreign Exchange, K.
Cuthbertson and K. Nitzsche (QFIC 101-13)

Chapter 24

) P=SP*orp=s+p*
2) Ap = As+ Ap*

) S =P*S/P

4a) s=p-p°

4b) As = Ap — Ap*

Ap =

T [f+b1( —Xp) T az(y —9)] +Ap + )

)
) fHbh(Xe xp)+a2(y y) =0

T A(+r) = (A/S)(1+1)F

) F/S=(00+r)/0+7r7)

) f—s=r—1r*

10) Sy1/Se=0+r)/(L+7])

11) Sji1— St =T¢—T}

12) 14 ERy 1 (UK — US) = S, (1+17)/S,

(13) EiRi 1 —1r = 5i(EtRm,t+1 - Tt)
(14) Je= Et5t+1

(15) Asi g =85 —se=(r—1")
(16) Asyy = Apyyy — Apify

(17) —Api =1 — Apiy

Modern Investment Management: An Equilibrium Approach, B. Litterman
(QFIC 106-13)

Chapter 10
(10.1)  Rpy— Ry =B(Rpt — Ryy) + ¢
(102) SR = ’“;7@

(10.3) Sy = A, —
(104) Ft = At/Lt

Ey[Ai(1+ Ragi1) = Le (1 + Rpgq1) — (A — Ly) (1 + Ry)]

10.6 RACS, =
(106) ! o [As (1+ Rar1) — Le (1 + Rp g 41)]

Ot [St+1]
Ay

(1 — Bi—i) (cr%; — pchrE)

2 2
op+0op —2p0p0E

18



L; L,
uB (ﬂE — 1) + ZRf(l - B)

UE — UB
(1011) At+1 = At (]. + RA775+1) —th (1 + RL,t+1) and Lt+1 = Lt (1 + RL775+1) (]. —p)
ElFn](l-p)+p

(10.10)

(10.13) Ei[Ry14+1] =

Fy
t , |:1+E[Rz]:|t
(10.14) B[R] = {%[f«}] fotp E[ngc]:rpp

(10.A.1)  Rps—Ryy=B(Rps— Ryy) +e
(10.4.2)  V =Ce T

v dC
10.A.4 — =— — (T —
(10.A4.4) v - (T —t)dr +rdt
L
<1 — ﬁj) (O’QB — pcrEUB)
(10.A.14) o= —
op+ 0 —2p0p0R
L L
o (851 1)+ - IRA1 = 9) 4
(10.A.16) a= ! i
HE — UB
_(1+uz !
140\ 1-p
A.22 Ey[F)=—E) Fp+ p———2
(0.42)  EalF) = (T22) Forp— 2

Analysis of Financial Time Series, third edition, R. Tsay (QFIC 100-13)
Chapter 3

(32) = E(r|Fi—1), of =Var(rF—1) = E[(r — pu)*|Fi—1]

p q k
(33)  re=putan pe=3 G-i— Y Oiaii, yp=re—do— Y Bitis
i=1 i=1 i=1

(3.4) o? = Var(ri|Fy_1) = Var(as| Fr_1)
(pl114) a?=ap+aal |+ famal,, te. t=m+1,....T
(SSRO — SSR1)/m

114 F =
(p114) SSR, /(T —2m—1)
(3.5) a; = o€, af =g+ ala%_l + -+ amaf_m
(p117) ay = opey, 07 =g+ a4

303(1+ aq)
(1—a1)(1—3a2)

(p120)  flaa,...,arle) = flar|Froa)f(aralFr—s) - f(amr|[Fm) f(ar, - . am|e)

L 1 a?
t
= Il exp | — X flat,...,amla)
Pt /27r0't2 ( 2Ut2> m

(p118)  E(a)) =

19



T
1 1 a?
(p121) Lamigty- - or|a,ar, ... ) = — Z [5 In(o?) + §a—t2]
t=m+1 Tt
T 1)/92 2 —(v+1)/2
37 flel) = —w+ D/ <1 n e—t) > 2
T'(v/2)y/(v—2)m v—2
T
_ v+1 a? 1 9
(3.8)  lamgt,- .. ar|o, Ay) = t_;ﬂ[ >—In <1+ (v_2)03> + 5 n(o?)

(p121) U amit,- - or|a,v, Ap) = (T —m) {ln [F <U ; 1)] —1In {F (g)}
—0.5Inf(v — z)w]} + Uamsr,- .. ar|o, Am)

H%Qf[g(get +ao)lv]  ife < —i/o
(3.9)  glalg,v) = b

£+ %Qf[(QGtJr@)/ﬁ\fu] if ¢ > —@/0

(p122) o= H-D/2Vv=2 <£—l>, 0= <§2+§i2—1)—w2

Val(v/2) 3
_1 N
(3.10) f(zx) = U;;Tig/f)';(/l/v)) , —oo <z <00, 0<v< oo

(3.11) o2 (0) = o + Zami(@ —4). where ojp({—i)=aj, , ;if£—i<0

=1

m S
(3.14) GARCH (m,s) : a; = o€, 07 = ap + Z aial ; + Zﬁjaf_j

i=1 j=1
max(m,s) s
(3.15) GARCH(m,s) : a? = ag + Z (i + Bi)a?_; +m — Zﬁjnt_j
i=1 j=1
4 B 2

[B@)P ~ 1- (a1 + p1)? 203

(3.17) or(0) = ap+ (a1 + B1)or (6 —1), £>1

ag[l — (a1 + 1)
l—a1 =5

(3.22)  oi(l)=or(1)+ (L —ag, £>1

(3.23) GARCH(1,1) — M : vy = p+cop +as, ay = opeq, 02 = o +arai_q + pror_;

(3.24)  g(&) = Oer +[ler] = E(lex])]

| (0+v)ee —vE(let]) if e >0
(p143) g<6t)—{ (o M —7Blal o>

2vv —2I"[(v + 1) /2]
(v=1(v/2)V7

(3.25) EGARCH(m,s) : a; = os¢;, In(0?) = ap +

(p133)  0(0) = + (a1 + B1) aq (1)

(p143)  E(le]) =

1+pB+ -+, 1B
l—ayB—--—ay,B™

(3.26) ai = orer, (1—aB)In(o?) = (1 — a)ag + g(e—1)

g(ﬁt—l)

20



a4+ (v +0)e—1 ifee1 >0

(3.27) (1-aB)In(o}) = { a4+ (v = 0)(—e=1) ifeg_1<0

exp |(y+0) atll ifa;_1 >0

(p144) o} = 072 exp(a.) s
exp |(vy — 0)—} if az—1 <0
Ot—1
(p148)  of 41 = 03 exp[(1 — )] explg(enta)]

(0148)  Efexplg(e)]} = exp (—yv/2/7) [ 200+ 7) + e 20 (y — )|

(p148)  67(j) = 6771 (j — 1) exp(w) {exp[(6 +7)*/2®(0 + ) + exp[(6 — 7)*/2®(y — 0) }

Frequently Asked Questions in Quantative Finance, P. Wilmott
Q23 - Jensen’s Inequality (103-105)

If the payoff is a convex function, E[P(St)] > P(E|[ST])

Ef(S)] = B [f(5+ 0] = B|£(5) +ef'(8) + 51"(S) + -
~ (3) + 57" (S)E)
= F(BIS) + 57" (BIS) €]
The LHS is greater than the RHS by approximately % f"(E[S))E[€*]

Q26 - Girsanov’s Theorem (113-115) The Theorem is:

Let W} be a Brownian motion with measure P and sample space Q2. If «; is a previsible process satisfying
the constraint Ep [exp (% fOT 'yf)} < 0o then there exists an equivalent measure @ on €2 such that W, =

Wi + fot vsds is a Brownian motion.
Chapter 6 - The Most Popular Probability Distributions

Normal or Guassian:

fz) =

)2
exp(—(x%;) ),—oo<m<oo,/¢:a,02:b2

1
v 2mb

Lognormal:

f(z) = \/%bx exp (—2—11)2(111(95) - a)2) ,x >0, =exp (a + %bQ) ,0% =exp (2a + b*) (exp(b®) — 1)

Poisson:

—a T

p(z) = .a e =0,1,...,p=a,0"=a
Z:

Chi square (note that this is a generalization of the usual chi-square distribution):

ef(a:Jra)/Q s xi71+v/2ai

fl@) = —%5 22 P00 + v/2)

x>0, 0=v+a,0>=2(v+2a)
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Gumbel:

1 - a—x 1
flz) = 3 exp (a x) exp (—eT> ,—00 < x < oo, u=a+7b o= 6W2b2where'y =0.577216...

b
Weibull:
c—1 c 2
fla)=<S (22 exp - (222 &> a, = atbl c+1 =T c+2) L (etl
b b b c c c
Student’s t:
T ct+1 z—a)2 _Czl
f(x):b\/%lz()%) <1+(Tc) > , —00 <z <00, M:aforc>1,02:< 62)b2f0r0>2.
Pareto:
ba® ab 9 a’b
f(x):W,xZavﬂza_lfOI‘b>1,U meorb>2
Uniform:
1 _a+b 2_(b—a)2
f(x)_b7a7a<x<b”u_ 9 y 0 = 12

Inverse normal:

f(:zc)—\/Lex _b(rza : >0, p=a 02—a—3
TV ors P\ T2 a ’ oM=L=

Gamma:
1 z—a\“" a—x
f(x):bF()( 5 ) exp( 5 ),xZa,u:a—i—bc,aQ:ch
c
Logistic
1 e 1
)= L exp<b) 2,—oo<$<oo7u—a,a2=—7r2b2
b(1+exp (552)) s
Laplace:
1 _
T) = —exp i il , —00< T <00, h=a, o> =2b>
/ 2b | b H
Cauchy:
1
flx)= , —o0 <z < oo, moments do not exist
b1+ (552)°
T + .T;(l )
Beta:

ad+bc cd(b — a)?

Cflbf d—1 < p< — —
(b=o)™ ez <bp ctrd ’ (c+d+1)(c+ d)?

Lévy:

no closed form for density function, 4 = ju, variance is infinite unless o = 2, when it is 02 = 2v
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